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The geomagnetic field is part of the shield prohibiting energetic particles of solar and cosmic origin directly
hitting the Earth surface. During geomagnetic polarity transitions the geomagnetic field strength significantly
decreases with energetic particles having a much better access to the atmosphere and surface. To study in more
detail the flux of energetic particles into the paleomagnetosphere we use a potential field approach to model the
paleomagnetosphere which generalizes the parametric model of Voigt (1981) by taking into account a non-zero
quadrupole moment of the core field. We study in particular the quadrupolar situation as a geomagnetic polarity
transition is also characterized by a significant increase of non-dipolar contributions. Our model is used as a
tool for tracing particle trajectories in such paleomagnetospheres and to assess variations of high-energy particle
fluxes into the atmosphere. As a first application of the particle tracing scheme we determine cutoff latitudes and
impact areas for different paleomagnetospheric configurations. For configurations with equivalent magnetic field
strength or magnetic energy the impact area is very similar.
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1. Introduction
Planet Earth possesses a global magnetic field since
at least 3.2 billion years (Tarduno et al., 2007). The
Earth’s magnetosphere results from the interaction of the
solar wind with this internally generated planetary mag-
netic field. Variations of the internal magnetic field provoke
changes of the magnetospheric field and also of the size
of the magnetosphere. During geomagnetic polarity tran-
sitions the dipole field orientation not only reverses, but the
field strength at the Earth’s surface significantly drops. Fur-
thermore, non-dipole contributions, especially quadrupolar
field contributions determine the field topology (Leonhardt
and Fabian, 2007).
During a polarity transition the magnetosphere is sig-
nificantly altered. Siscoe and Chen (1975) and Saito et
al. (1978) coined the term ‘paleomagnetosphere’ for these
magnetospheric situations. The question emerges whether
energetic particles of solar and cosmic origin have much
better access to the terrestrial atmosphere under paleomag-
netospheric conditions and how they impact the terrestrial
biosphere under polarity transition conditions.
A first step in answering this question is a detailed anal-
ysis of the topology of the magnetospheric magnetic field
during a polarity transition. There are different ways to
examine the magnetospheric magnetic field in dependency
of the internal one. One is to use MHD simulations; an-
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other method is to rely on quantitative modeling. The first
method gives a detailed view of the magnetic field topology
within the magnetosphere. Vogt et al. (2004, 2007) simu-
lated magnetospheres with different internal magnetic field,
dipoles as well as quadrupoles. MHD simulations allow to
study reconnection effects and the resulting magnetic field
topology particularly in the outer magnetosphere where the
magnetic field is relatively weak. This region is expected
to affect energetic particles of solar origin with energies in
the MeV range and relatively small gyro radii that tend to
follow the field lines (Vogt et al., 2007).
The orbits of particles at typical cosmic ray energies
in the GeV range, however, are influenced mainly by the
inner magnetosphere where the magnetic field is strong,
and where MHD simulations are less helpful because of
their limited spatial resolution. Here quantitative parametric
models are not only less expensive in terms of computa-
tional resources, they also resolve the magnetic field geom-
etry in sufficient detail to study cosmic ray orbit connectiv-
ity. Therefore, in the present paper we describe an efficient
way to determine magnetospheric models suitable for the
calculation of energetic particle trajectories under the con-
ditions of a geomagnetic polarity transition. Our calcula-
tions apply to galactic cosmic ray events and the relatively
isotropic phase of solar cosmic ray events.
Quantitative models of the external geomagnetic field
(e.g. Mead and Fairfield, 1975; Voigt, 1981; Tsyganenko,
1990; Jordan, 1994; Stern, 1994; Hilmer and Voigt, 1995;
Siscoe, 2001) are widely used in the magnetospheric com-
munity for various purposes. At least two different model-
ing strategies can be distinguished. Empirically oriented
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models (e.g., Alexeev, 1978; Stern, 1985; Tsyganenko
and Usmanov, 1982; Tsyganenko, 1987, 1989, 2002) are
constructed by minimizing the discrepancy between the
model output and satellite observations. These models de-
scribe the present magnetosphere extremely well. A second
class of models (e.g. Voigt, 1981; Hilmer and Voigt, 1995;
Romashchenko and Reshetnikov, 2000; Willis et al., 2000)
makes use of a potential field approach to model the mag-
netic effect of the Chapman-Ferraro currents on the mag-
netopause. For brevity, we refer to the latter type as ‘po-
tential field models’. Since potential field models are con-
structed on the basis of the shape of the magnetopause and
the parameters of the internal field rather than an empirical
data set, they can be used to assess magnetospheric con-
figurations which differ significantly from today’s Earth’s
magnetosphere. For example, the potential field approach
was successfully used to model the magnetospheres of other
planets (Voigt et al., 1987; Voigt and Ness, 1990). Scal-
ing relations which can be used to adapt quantitative mag-
netospheric models to the case of smaller or larger values
of the Earth’s dipole moment were discussed by Vogt and
Glassmeier (2001), Glassmeier et al. (2004), and Zieger et
al. (2006).
In order to investigate how higher-order multipoles affect
the magnetospheric configuration and particle trajectories,
we generalize the 3-dimensional parametric model devel-
oped by Voigt (1981) to include quadrupole contributions
to the internal field. The shape and the size of the magne-
topause are given: we assume the model magnetopause to
consist of a cylindrical magnetotail topped by a half-sphere
representing the dayside magnetopause. The parameters en-
tering the model, the magnetic moments and the size of
the magnetosphere, can be varied independently of each
other because of the assumed fixed geometry. Note that
earlier quantitative models of quadrupolar magnetospheres
were either two-dimensional models (Biernat et al., 1985;
Leubner and Zollner, 1985; Starchenko and Shcherbakov,
1991) or highly (spherically) symmetric models (Willis et
al., 2000).
Of particular interest in paleomagnetospheric studies is
the motion of charged particles in different magnetospheric
configurations. Since the magnetosphere acts as a kind of
filter for charged energetic particles, polarity transitions are
supposed to strongly affect their flux into the upper atmo-
sphere. Solar proton events can cause ozone depletion (e.g.
Stephenson and Scourfield, 1992; Jackman et al., 2005).
Galactic cosmic rays may have an influence on cloud cover-
age, which in turn influences the global radiation budget and
thus the climate (Svensmark and Friis-Christensen, 1997;
Marsh and Svensmark, 2000). Trapped particle populations
and ring current geometries in quadrupolar magnetospheres
were studied by Vogt and Glassmeier (2000). The scaling
behavior of different classes of energetic particles in dipolar
and quadrupolar paleomagnetospheres was investigated by
Vogt et al. (2007).
The parametric model developed here is designed to be
used for the integration of high-energy particle orbits of so-
lar and cosmic origin in a dipole-quadrupole paleomagne-
tosphere. The computationally efficient evaluation of the
model magnetic field allows to trace a large number of par-
ticles. The resulting upper atmospheric flux function consti-
tutes the direct interface to research groups working on pa-
leonucleotide production and ozone depletion (e.g. Quack
et al., 2001; Sinnhuber et al., 2003; Winkler et al., 2008).
The parametric approach presented here is complemented
by magnetohydrodynamic simulations published elsewhere
(Vogt et al., 2004; Zieger et al., 2004, 2006). MHD sim-
ulations treat the magnetopause and the tail region self-
consistently and thus can in principle provide a more re-
alistic picture of the global magnetospheric configuration.
They are, however, computationally more expensive, and
their spatial resolution is limited in particular in the inner
magnetosphere which has strong influence on cosmic ray
trajectories. The parametric approach pursued here does not
suffer from these constrains. Thus, we prefer the parametric
approach.
This paper is organized as follows. In Section 2 the ap-
proach for the magnetic field model is presented and details
of the mathematical description are given. The calculation
of particle trajectories and the results of cutoff latitudes and
impact areas are described in Section 3. Section 4 deals
with some applications of the model. We consider different
dipole and quadrupole configurations. For some of these
configurations particle impacts on the atmosphere will be
shown. The results will be summarized and discussed in
the light of constraints from paleomagnetism in Section 5.
2. Magnetic Field Modeling Approach and Math-
ematical Description
The basic idea and the assumptions of the magneto-
spheric model used have been developed by Voigt (1976,
1981). The model is extended to a more general case by in-
cluding a quadrupolar contribution to the internal magnetic
field of the Earth.
2.1 Internal field and external current systems
The magnetospheric magnetic field of the Earth is the re-
sult of a superposition of an internal and an external part.
The internal magnetic field Be is generated by hydromag-
netic processes in the liquid core of the Earth (e.g. Wicht
et al., 2009). The field on the Earth’s surface can be de-
scribed by a multipole field (e.g. Gauss, 1839; Chapman
and Bartels, 1962). Voigt (1976, 1981) considered only a
dipole moment, because the most dominant part of the in-
ternal Earth’s magnetic field at the present time is dipolar.
In the generalization presented in the following sections the
magnetic field will be represented by a dipole moment m
and a quadrupole moment Q. Both moments are centered
within the Earth.
In general the external magnetic field is caused by cur-
rent systems, mainly consisting of the equatorial ring cur-
rent, the tail currents and the magnetopause currents, i.e. the
Chapman-Ferraro currents (Jordan, 1994). In the far field
the magnetic field of the ring current can be modeled like a
dipolar field (Stern, 1985). To get a simple approximation
for the magnetic field line topology in the magnetosphere,
the inner dipole field and the ring current field are com-
bined to a magnetic field of a modified dipole moment. Vogt
and Glassmeier (2000) showed that in quadrupole magne-
tospheres the configuration and location of the ring current
may be totally different from the present situation. In some
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cases one cannot even speak of a ring current any more. In-
stead of modeling the tail currents explicitly Voigt (1981)
stretches the field lines on the nightside into the far tail. In
the extended model presented in this paper, this feature had
also been implemented but it did not yield significant effects
on particle trajectories in the energy range considered here,
so it will not be described in the following text.
In our magnetospheric model only the magnetopause
currents will be treated. The magnetic field Bcf caused
by Chapman-Ferraro currents shields the Earth’s magnetic
field against the interplanetary magnetic field. In a closed
magnetosphere no field lines penetrate the boundary of the
magnetosphere, the magnetopause. Thus, the normal com-
ponent of the total magnetic field has to vanish on the mag-
netopause. The total magnetic field is constructed by su-
perposing the Earth’s internal field Be and the field of the
Chapman-Ferraro currents Bcf:
B = Be + Bcf. (1)
2.2 Model geometry
The magnetosphere is not self-consistent but it has a pre-
scribed geometry (see Fig. 1). Its shape is represented by
a half-sphere with a radius Rm on the dayside and semi-
infinite cylinder with the radius Rm on the nightside. Both
are matched continuously to each other. The Earth is placed
within the half-sphere.
The two coordinate systems used in the following cal-
culations are shown in Fig. 1. One is the well known
geocentric-solar-ecliptic (GSE) system, where xg is towards
the sun, xg and yg span the ecliptic plane and zg is perpen-
dicular to the other ones. The Earth is in the center of the
system. Because of the special geometry of the magneto-
sphere, we introduce a second coordinate system, the so
called M(odel)-coordinate system (x , y, z), which is more
convenient for the following calculations. Its origin is lo-
cated in the center of the connecting plane between half-
sphere and cylinder, which is also the center of the half-
sphere. The z-axis coincides with the axis of the cylinder.
The transformation between these two coordinate systems
is given by
xg = −(z + b), yg = y, zg = x . (2)
Due to the different geometries on the dayside and in the
tail, in the M-coordinate system not only Cartesian, but
also spherical (r , ϑ , λ) and cylindrical (ρ, ϑ , z) coordinate
representations are used.
Several parameters, which can be varied independently,
define the geometry and the magnetic field configuration of
the magnetospheric model:
Re radius of the planet, e.g. the Earth,
Rm radius of the magnetospheric tail,
rs standoff distance, rs = Rm − b,
mx , my, mz components of dipole moment,
Qxx , Qyy,














Fig. 1. Geometry of the model magnetosphere.
SI-units are used throughout this paper. The components
of dipole and quadrupole moments are given in the Carte-
sian GSE-coordinates. There are only five independent
quadrupole components, because Q is a symmetric tensor
with Trace ( Q) = 0.
The standoff distance is the distance from the center of
the planet to the subsolar point on the magnetopause. As
already mentioned the magnetosphere is a result of the in-
teraction of the solar wind with the internal planetary mag-
netic field. The magnetic moments characterize the inter-
nal magnetic field, whereas the standoff distance rs and
the radius of the magnetospheric tail Rm are determined
by a pressure equilibrium between the solar wind pres-
sure and the magnetic pressure of the planetary field B on
the magnetopause (Mead and Beard, 1964; Starchenko and
Shcherbakov, 1991). For a nearly zonal dipole, correspond-
ing to the present magnetic field configuration of the Earth,
Siscoe and Chen (1975), Glassmeier et al. (1984, 2004),
and Vogt and Glassmeier (2001), give some scaling rela-
tions, which can be used to get the standoff distance and
the radius of the magnetospheric tail for different strength
of the magnetic dipole moment. In order to determine the
two magnetospheric parameters for other configuration, like
pole-on or quadrupoles, we use the pressure equilibrium
mentioned above. Our calculations fit quite well with the
results of the MHD simulations of Vogt et al. (2004, 2007).
2.3 Potential field approach and boundary conditions
Since the current system is reduced to the Chapman-
Ferraro currents on the magnetopause, there are no currents
within the magnetosphere. In addition, the magnetic field
model is supposed to be a static one, so all time derivatives
vanish. With this the magnetic field B can be derived from
a scalar potential :
B = −µ0∇. (3)
With Maxwell’s equation ∇ · B = 0 we derive the Laplace
equation for the scalar potential,
∇2 = 0, (4)
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which has to be solved using the following boundary con-
ditions.
The Chapman-Ferraro currents and the formation of the
magnetopause are associated with the frozen-flux theorem
for ideal MHD flows which suggests that the interplanetary
magnetic field lines do not connect to the terrestrial field
lines. Hence, as a first approximation, the magnetosphere
can be considered as closed which implies that the normal
component of the total magnetic field must vanish on the
magnetopause:
nˆ · B = nˆ · Be + nˆ · Bcf = 0. (5)
A second boundary condition is that the magnetic field
should vanish at infinity, in this case at the open end of the
cylinder:
B(z → ∞) = 0. (6)
The third boundary condition
Bhalfsphere(x, y, z = 0) = Bcylinder(x, y, z = 0). (7)
describes the continuity of the potential at the connecting
plane between the half-sphere and the cylinder.
2.4 Solution strategy
The internal magnetic field can be deduced from a scalar
potential e. It will be described by a superposition of a
dipole and a quadrupole potential (Jackson, 1963):
e = m · r
4πr3
+
r T Q r
8πr5
, (8)
where r T is the transposed vector of r .
The external magnetic field is caused by the Chapman-
Ferraro currents. Here we do not intend to model the cur-
rents themselves but only the resulting magnetic fields. The
magnetospheric magnetic field is determined in the follow-
ing way: For a given internal magnetic field Be the normal
component on the magnetopause is calculated.
In order to satisfy the boundary condition (5) an addi-
tional magnetic field Bcf is constructed in such a way that
the normal component of the superposed magnetic field
B = Be + Bcf vanishes on the magnetopause. Since we
do not consider any currents outside the magnetopause, the
field Bcf caused by the Chapman-Ferraro currents can be
derived from a scalar potential.
To find an analytical solution for the magnetic field Be on
the magnetopause and for the construction of the additional
field Bcf, the calculation has to be split in one part for the
half-sphere and another part for the cylinder.
2.4.1 Solution on the dayside magnetosphere The
calculation in the half-sphere of the dayside magneto-
sphere will be done in spherical M-coordinates. Therefore
the potential of the internal magnetic field of the planet,
given in Eq. (8) has to be transformed from the Cartesian
GSE-coordinate system (xg, yg, zg) into the Cartesian M-
coordinate system (x, y, z) using Eqs. (2):
e = −mx (z + b) + my y + mz x
4π
[
(z + b)2 + y2 + x2]3/2
+ Qxx (z + b)
2 + Qyy y2 − (Qxx + Qyy)x2
8π
[
(z + b)2 + y2 + x2]5/2
−2 Qxy(z + b)y + Qxz(z + b)x − Qyz yx
8π
[
(z + b)2 + y2 + x2]5/2 . (9)
Since a spherical geometry is used on the dayside, a further
transformation into spherical coordinates is required: x =
r sin θ cos λ, y = r sin θ sin λ, z = r cos θ . And the terms
will be sorted by the order of harmonics:


























































































so that they can be expanded into spherical harmonics using
the generating function
1
(1 + h2 − 2h cos ϑ)1/2 =
∞∑
n=0
hn Pn(cos ϑ) (11)
and its derivatives; here h = − br . The associated Leg-
endre’s polynomials Pmn = Pmn (cos ϑ) are not normalized.
Thus we obtain












































As discussed above the magnetic field Bcf of the Chapman-
Ferraro currents can be represented by a scalar potential
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, r < Rm (13)
where Y kn (ϑ, λ) denotes spherical harmonics. To satisfy the
the boundary condition (5) we require:


























































The magnetic field on the dayside magnetopause then is
given by the superposition of the fields, that is the sum of
Eqs. (9) and (15):
B = −µ0∇(e + cf). (16)
2.4.2 Solution in the tail In the magnetospheric tail
the calculations are done in cylindrical coordinates. One so-
lution of the Laplace equation (4) in cylindrical coordinates
considering the boundary conditions (5)–(6) are Fourier-
Bessel series (Voigt, 1981). Therefore the following ansatz



















In order to determine the coefficients of this series, the
boundary condition (7) has to be used. If the potential is
continuous, two components of the magnetic field, i.e. Bρ
and Bφ , are continuous, too, Bz not. This results from the
fact, that due to the two different coordinate systems the
Laplace equation (4) is not separable in the whole magneto-
sphere (Voigt, 1981). To solve this problem, i.e. to achieve
continuity also for Bz , Voigt (1972) developed an iterative
process to determine proper coefficients; for further details
see his explanations. The initial values of the coefficients
are determined by the continuity of the potential on the con-
necting plane between the half-sphere and the cylinder.
Thus the total potential  = e+cf will be transformed
into cylindrical M-coordinates. Now ∗ := (z = 0) is
calculated with z = cos ϑ = 0, ρ = r and φ = λ. The

















0 (ρ) + Qxx f q0 (ρ)
+ [mz f d1 (ρ) + Qxz f q1 (ρ)] cos φ











f d0 (ρ) =
−b





(n + 1)An(ρ) P0n(0), (20)









(n + 1)(n − 1)An(ρ) P0n(0), (21)
f d1 (ρ) =
ρ






















f q2 (ρ) =
−ρ2










The functions f d/qk are radial functions, which can be ex-










The coefficient k represents the order of the harmonic of
the trigonometric function. Here k only takes on values
k = 0, 1, 2 as we are using dipole and quadrupole only.
The quantity xk,i is the i-th root of the derivative of the
Bessel function ddx Jk(x)
∣∣∣
xk,i
= 0. The coefficients ad,qk,i can
be calculated from the orthogonality relations
1∫
0
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Comparing ∗ from Eq. (19) with Eq. (17) at the location






























































The magnetic field in the tail can now be expressed as
B = −µ0∇.
The model was validated in several ways, e.g., by check-
ing if the boundary values are consistent with the imposed
conditions, and through comparison with published results
for magnetospheric fields of other planets. The latter has
been done by calculating the magnetospheric magnetic field
of the Earth (Hilmer and Voigt, 1995) and of the planet
Neptune (Voigt and Ness, 1990).
2.5 Generalization to higher-order multipoles
In a similar way, using the same procedure as in Sec-
tion 2.4 higher-order multipoles of the internal magnetic
field of the Earth can be added. A general expansion of
higher-order multipoles in Cartesian coordinates is given by
Lense (1954):









(x + y + z)(2l+1)/2 , (29)
where l is the order of the multipole. For each multipole
there are (l + 1)(l + 2)/2 coefficients clαβ . Only 2l + 1
of them are linearly independent. The dependency can be
determined by ∇2e = 0.
This ansatz can be used instead of Eq. (8) or (9). After
transformation to spherical model coordinates this equation,
corresponding to Eq. (12), contains Legendre’s polynomials
Pml (cos ϑ) with m = 0...l. However, in the present work we
only make use of dipole and quadrupole moments.
3. Cosmic Particles in Possible Paleomagnetic
Fields
3.1 Calculation of particle trajectories, cutoff latitudes
and impact areas
Using the magnetospheric model described above the
magnetic field can be determined at any location inside the
magnetosphere and can be used for further applications like
the calculation of particle trajectories and particle impacts
on the atmosphere of the Earth.
In order to quantify the impact of particles on the Earth’s
atmosphere cutoff latitudes and impact areas are deter-
mined. The cutoff latitude is defined by that latitude which
divides regions where particles reach the Earth from those
where no particles are found. This quantity is quite descrip-
tive for symmetrical magnetic field configuration like the
zonal dipole (Smart et al., 2000).
For other configurations we introduce the concept of “im-
pact area” that should not be confused with the term “im-
pact zone” as used by Firor (1954). Based on the idea that
a particle of a given rigidity starting at a well-defined point
source gives rise to an impact point of the respective tra-
jectory on the Earth’s surface, Firor (1954) studied groups
of impact points that originated from a source region of fi-
nite size, and termed such groups “impact zones”. The term
“impact area” can be understood as a generalization of that
earlier concept. In the present study, impact area quantifies
the portion of the planetary surface that is accessible to par-
ticles of a given energy, relative to the total surface. Impact
area is given as a percentage value. To determine cutoff lat-
itudes and impact areas, a large number of trajectories are
numerically integrated in the magnetic field configuration
of interest.
The trajectories start on a shell with the radius r ≥ Rm,
i.e. outside the magnetosphere. We use a homogeneous dis-
tribution for the location on the this shell and for the an-
gle between the normal vector on the shell and the velocity
vector. More specifically, several thousand (typically 5400)
different starting positions on the outer shell are defined.
For each energy and at each initial position, about thousand
(typically 1350) trajectories are launched with different ini-
tial directions (angles in velocity space). The trajectory
itself is calculated using the numerical Leapfrog method
(Birdsdall and Langdon, 1985). All particles entering the
atmosphere which is described by a spherical shell hundred
kilometer above the Earth’s surface, i.e. Ra = Re +100 km,
are counted and the particle impact density as well as the
cutoff latitudes are determined. The particle fluxes consid-
ered here do not change much from this shell to the Earth’s
surface. Thus for brevity and simplicity, we do not strictly
distinguish these two shells (with the radii Re and Ra) in
the following discussion. Results for the cutoff latitudes
and impact areas are shown in Figs. 4–7.
The tracing routines are verified by comparing them with
analytical results of charged particles in a homogenous
magnetic field, and with particle trajectories calculated by
Willis et al. (1997). Note that the orbit tracing process is
reverse of that in the cosmic ray literature where the orbits
start near Earth and are integrated outwards. Cosmic ray
energies are typically in the GeV range or even above but in
our case also solar energetic particles in the MeV range had
to be considered (the simulation code was designed to cover
energies down to 1 MeV). At lower energies, the efficiency
of the outward orbit tracing approach suffers from the in-
creasing proportion of re-entrant particles (trajectories with
both start points and end points near Earth) that do not con-
tribute to the energetic particle flux of solar or cosmic ori-
gin but simply produce computational overhead. The main
problem associated with inward orbit tracing is the class of
trajectories that miss the planet but this particle population
is easier to control, and in our case it produced less com-
putational problems than the returning particle population
near the planet.
Furthermore, the cosmic ray community frequently uses
particle rigidity (momentum per charge) to study cutoff pa-
rameters and asymptotic directions. This is important in the
case of cosmogenic data because almost 50% of the cosmo-
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Table 1. First column: Proton kinetic energies used in this study. Second column: Associated rigidity values. Third colum: Kinetic energies of alpha
particles that would follow the same trajectories as the protons. Fourth column: Associated kinetic energies per nucleon for the alpha particles.
Proton energy [MeV] Rigidity [MV] Alpha energy [MeV] Alpha energy per nucleon [MeV]
64. 352.4 66.0 16.5
128. 506.5 135.2 33.8
256. 738.8 282.2 70.5
512. 1105.7 606.7 151.7
1024. 1723.3 1349.2 337.3
2048. 2834.8 3057.8 764.4
4096. 4945.8 6843.3 1710.8
8192. 9081.7 14814.5 3703.6



















Fig. 2. Kinetic energy of protons (solid line) and alpha particles (dashed
line) as functions of rigidity. Also shown for the alpha particles is the
kinetic energy per nucleon (dotted line). The symbols mark the values
that correspond to the proton kinetic energies used in this study.
genic nuclides in the atmosphere are produced by alpha par-
ticles and heavier cosmic rays (McCracken, 2004). At iden-
tical rigidity values, protons and alphas follow the same tra-
jectories whereas identical kinetic energies in general yield
different orbits. More specifically, for a given rigidity, it is
the ratio of charge and atomic mass that determines the cut-
off energy. This ratio is unity for a proton but approximately
0.5 for all other fully ionized nuclei, so we can consider al-
pha particles as representatives for the latter class of cosmic
rays. The relationship between rigidity and kinetic energy
is discussed in more detail by McCracken (2004) and by
Vogt et al. (2007). For the proton kinetic energy levels used
in this study, the associated rigidity values and kinetic ener-
gies of alpha particles are given in Table 1 and Fig. 2.
We also note that the cutoff parameters given in Section 4
are determined on the basis of all incident trajectories, i.e.,
irrespective of their angles of approach. These parameters
should be distinguished from the vertical cutoff parameters
that take into account only trajectories with zero zenith an-
gle of approach. Hence our cutoff energies belong to inci-
dent angles where the trajectories are least constrained by
the magnetic field configuration. For the present-day dipole
field, this is a zenith angle of 90 degrees from the geomag-
netic west. At this incident angle, the Størmer cutoff energy
at the (geomagnetic) equator is about 10 GeV whereas the
vertical Størmer cutoff is about 14 GeV.
Smart and Shea (2001) computed geomagnetic cutoff
rigidities and latitudes in an empirical Earth magnetic field
using the Tsyganenko magnetospheric field model. Cut-
off latitudes determined by our simple model yield sim-
ilar results. Thus the model presented in Section 2 is a
reasonable tool to determine the main characteristics of
particle fluxes in the present magnetosphere. And there-
fore we assume that it works also rather well in the case
of paleomagnetospheres. In Section 4 we examine parti-
cles with energies of 64 to 8192 MeV in magnetic fields of
gmn = 5000...30000 nT.
3.2 Scalability of the model and the trajectories
One advantage of the analytical model developed above
is the possibility to scale the geometrical size of the mag-
netosphere by changing the size of the magnetic moment.
Therefore three non-dimensional coordinates r˜ := r/Rm in
the half-sphere, ρ˜ := ρ/Rm and z˜ := z/Rm in the cylinder,
and two scaling parameters c1 := p/p0, where p denotes
either the dipole moment or the quadrupole moment, and
c2 = Rm,0/Rm were defined. The scaling parameters de-
scribe the ratio between the present day configuration, sub-
scribed by the index 0 and any other magnetic configura-
tion. Note that rs/Rm = const. Introducing these parame-
ters, each component Bi of the magnetic field can be written
as
Bi (r˜ , ϑ, λ) = c1
cn+22
Bi,0 (r˜ , ϑ, λ) , or (30)
Bi (ρ˜, φ, z˜) = c1
cn+22
Bi,0 (ρ˜, φ, z˜) . (31)
Keep in mind that n = 1 in case of a dipole and n = 2 for
a quadrupole configuration. We focus on magnetospheric
variations induced by the internal field and disregard pos-
sible changes of the solar wind conditions. Therefore the
magnetic field B on the magnetopause should be the same
field B0 as in the present time as the magnetic pressure has
to balance the solar wind pressure. Thus
c1
cn+12
= 1 ⇒ Rm = Rm,0 n+2
√
p/p0, (32)
e.g. for a magnetic dipole moment one tenth of the present
day value, the magnetospheric radius and the standoff dis-
tance decreases approximately by a factor of two.
Note that this scaling is only valid for pure dipole or
pure quadrupole configurations, but not for mixed cases.
For a zonal dipole configuration the scaling relation can
already be found in e.g. Siscoe and Chen (1975) or Vogt
and Glassmeier (2001).
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1:2
1:1
Fig. 3. Magnetospheric field lines of the magnetic field of zonal dipole in
the x-z plane (GSE coordinates). Upper panel left: mz,1 = mz,0. Upper
panel right: mz,1 = 0.1mz,0. Lower panel: normalization of both.
Using the non-dimensional coordinates all magneto-
spheres of the same multipole configuration but with dif-
ferent strength can be normalized: The topology of the
field lines are the same for all values of the magnetic mo-
ments, but the normalized size of the Earth differs. For
small moments it is larger than for large ones. Figure 3
shows an example of two magnetospheric situations. The
left upper figure demonstrates the magnetic field lines of
a magnetic dipole moment mz,0 in a cylindrical magneto-
sphere, the right one shows the magnetic field of a moment
mz,1 = 0.1mz,0. The size of the magnetosphere, determined
by Eq. (32), is about half that of the first case. Zooming the
first magnetosphere by a factor of one and the second by a
factor of two, as seen in the lower figure of Fig. 3, the field
lines are the same, but the radius r1 of the sphere, which
describes the Earth with the lower dipole moment is twice
as large as the radius r0 for the case with the larger dipole
moment.
Like the magnetic field also the particle trajectories are
scalable. From the point of view of computing time this
is interesting especially for calculating particle trajectories
in different paleomagnetic field configuration. In order to
determine different particle impacts on the Earth trajecto-
ries are calculated for each configuration, e.g. mz or mz,0,
and particles reaching the Earth are counted. Using now
the scalability of the model only one trajectory for all con-
figurations together needs to be calculated instead of one
trajectory for each configuration. The counting of particles
reaching the Earth is now done on several spheres (r0 and
r1) instead of one sphere representing the Earth in the un-
scaled case.
4. Model Application: Possible Magnetic Field
Configurations and Cutoff Angles During Re-
versals
Paleomagnetic measurements of sediments and lava
rocks show variations of the magnetic field of the Earth on
very long time scales. The most dramatic variation is a com-
plete reversal of the magnetic field, which occurred roughly
every 105–106 years. The mechanism of these reversals is
not well understood yet, but see Wicht et al. (2009) for fur-
ther details. From paleomagnetic measurements it is known
that the magnetic field decreases and changes the direc-
tion during a reversal. Merrill and McFadden (1999) point
out several reversal models and bring up different mag-
netic field configuration during polarity transitions, which
include dipoles as well as higher multipoles. Some dipole
and quadrupole configurations we will present in the next
section.
4.1 Dipole configuration
Saito et al. (1978), for example, proposed a turning
dipole scenario. During this kind of reversal the tilt an-
gle grows and the magnetospheric configuration passes the
pole-on configuration. At the same time the strength of
the magnetic dipole decreases. Afterwards the tilt angle in-
creases until the dipole moment is antiparallel to the present
one. The magnetic dipole strength increases in the mean-
time. In the following we will discuss two possible dipole
configuration with different strengths.
In an idealization of the present day magnetospheric con-
figuration the dipole axis (as well as the rotation axis) is
perpendicular to the line connecting the sun and the planet
(which is the x-axis in GSE-coordinates). This is shown
in Fig. 4(a). It corresponds to a nonzero Gauss coefficient
g01 of a spherical expansion of multipoles (while all other
coefficients vanish).
Cusp regions are found in the polar regions on both hemi-
spheres. Magnetic field lines from the dayside are deflected
to the nightside and they are stretched into the deep tail.
Charged particles experience the Lorentz force which acts
perpendicular to the magnetic field lines but not parallel to
it, thus they can more easily reach the Earth’s surface in the
polar regions where the field lines are radial. Figure 4(b)
displays the regions where high energetic particles (4 GeV)
penetrate to Earth in a magnetic field strength of the present
(i.e. g01 = 30000 nT). The hatched areas are those where
none of these particles are detected.
The solid line in Fig. 4(c) shows the cutoff latitudes of
a zonal dipole of the present strength for different parti-
cle energies. The cutoff latitude is defined by that latitude
which divides regions with and without particle impacts,
as seen in Fig. 4(b). Thus, particles reach the Earth in re-
gions ϑcutoff ≤ ϑ ≤ 90◦, where ϑcutoff is the cutoff latitude.
The result agrees reasonably well with calculations done by
Smart and Shea (2001). With increasing energy the cutoff
latitudes moves towards the equator. Particles of an energy
larger than 10 GeV impact the Earth at all latitudes. When
the dipole moment decreases, not only more particle trajec-
tories meet the Earth’s atmosphere, but the cutoff latitudes
shift towards the equator. The dashed line shows the results
for a dipole moment of g01 = 10000 nT and the dotted line
for a dipole moment of g01 = 5000 nT. In the latter case
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Fig. 4. (a) Magnetospheric field lines of the magnetic field of a zonal
dipole, (b) particle impact regions on the Earth (proton energy 4 GeV,
g01 = 30000 nT), (c) cutoff latitudes and (d) impact area. Particles reach
the Earth (100 km above the surface) in regions ϑcutoff ≤ ϑ ≤ 90◦,
where ϑcutoff is the cutoff latitude. The impact area indicates how many
percent of the Earth’s surface are penetrated by energetic particles.
even particles with an energy of 2 GeV can reach equator-
near regions. The concept of cutoff latitudes is very conve-
nient for symmetrical configurations like the zonal dipole,
but not for any arbitrary configuration, where the impact
area appears to be the more convenient parameter. The solid
line in Fig. 4(d) shows the impact area of the present mag-
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Fig. 5. (a) Magnetospheric field lines of the magnetic field of a pole-on
dipole, (b) particle impacts regions on the Earth (proton energy 4 GeV,
g11 = 30000 nT), (c) cutoff latitudes and (d) impact area. Particles reach
the Earth (100 km above the surface) in regions 0◦ ≤ ϑ ≤ ϑcutoff,
where ϑcutoff is the cutoff latitude. In this configuration, which is not
symmetrical to the rotation axis of the Earth, the impact area is a more
convenient value to characterize particle impacts on the Earth.
particles with an energy of 2 GeV, but for a lower magnetic
field of g01 = 5000 nT the impact area is about 100%. With
increasing energy or decreasing magnetic field the impact
area increases.
In the pole-on situation (described by the Gauss coeffi-
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cient g11) the dipole axis is parallel to the connection line
between the sun and the planet. Figure 5(a) shows the mag-
netic field lines of this configuration. There are two tail
lobes, one north and one south of the equatorial plane. The
cusp regions are now in the equatorial plane towards the
sun on the dayside and toward the tail on the nightside. In
these regions most particles penetrate to the Earth as can be
seen in Fig. 5(b), where the impact regions are presented for
4 GeV particles in a magnetic field of g11 = 30000 nT.
In addition this figure illustrates, how we define the cut-
off latitude for this configuration. Particle impacts are in
regions 0◦ ≤ ϑ ≤ ϑcutoff, where ϑcutoff is the cutoff latitude.
Instead of high particle flux at the poles most particles reach
the Earth in equator-near regions. With increasing energy
or decreasing magnetic moment the cutoff latitude Fig. 5(c)
moves toward the poles. Whereas in a high magnetic field of
about g11 = 30000 nT only particles of an energy of 10 GeV
penetrate to Earth, in a low magnetic field g11 = 5000 nT
even particles of an energy of 3 GeV can reach the Earth.
Due to the non-symmetrical magnetic field configuration
the impact area is more descriptive than the idea of cutoff
latitudes. The dependency of the impact area (Fig. 5(d))
on the particle energy is similar to the case of the zonal
dipole configuration. With increasing particle energy or
decreasing magnetic field the impact area increases. Its
magnitude is comparable to the corresponding cases of the
zonal dipole configuration.
4.2 Quadrupole and mixed configuration
Interpretation of paleomagnetic measurements (e.g.
Leonhardt and Fabian, 2007) or large-scale geodynamo
simulation (e.g. Glatzmaier and Roberts, 1996) indicate that
during reversals not only the dipole moment contributes to
the Earth’s magnetic field, but also higher moments.
So one can imagine reversals, where the dipole compo-
nent of the magnetic field gets weaker and almost vanishes
whereas the quadrupole component gets stronger. During
this kind of reversal different dipole-quadrupole combina-
tions or pure quadrupole fields may be realized. Two dif-
ferent configurations will be discussed in more detail in the
following.
Figure 6(a) represents the magnetospheric magnetic field
of a zonal quadrupole, which can also be expressed by
the Gauss coefficients g02. A characteristic feature of this
quadrupole is the rotational symmetry with respect to the
z-axis in GSE-coordinates. The symmetry is distorted by
the non symmetrical magnetosphere: on the dayside the
field lines are compressed whereas they are stretched on
the nightside. This quadrupole field possesses two poles
with the same polarity at the north and south pole and
a pole-ring in the equatorial plane with the opposite po-
larity. The tail lobes are split in two tail lobe regions,
a northern and a southern part. The value of the mag-
netic moment g02 = 24500 nT is chosen such that the en-
ergy of the dipole moment is equivalent to energy of the
present dipole moment. Particles can impact the Earth in
the cusp regions at the north and south pole as well as at
the equatorial plane. As seen in Fig. 6(b) in this configu-
ration a polar cutoff latitude ϑcutoff1 and an equatorial lati-
tude ϑcutoff2 exist. So, particles penetrate to Earth in regions
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Fig. 6. (a) Magnetospheric field lines of a zonal quadrupole configuration,
(b) particle impact regions (proton energy 4 GeV, g02 = 24500 nT),
(c) cutoff angles (the upper branch of the curve belongs to ϑcutoff1,
the lower one to ϑcutoff2) and (d) the impact area. Particle impact at
ϑcutoff1 ≤ ϑ ≤ 90◦ and 0◦ ≤ ϑ ≤ ϑcutoff2.
magnetic field or increasing particle energy these two cutoff
latitudes (Fig. 6(c)) move towards each other, i.e. the polar
cutoff latitude moves towards the equator and vice versa.
In a high magnetic field (g02 = 24000 nT) e.g. particles
of an energy of 2 GeV penetrate to the Earth in polar or
in equatorial regions, but not in mid-latitude. Only in low
magnetic field (g02 = 5000 nT) those particles can be found
in all latitudes. The polar impact region for 4 GeV parti-
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Fig. 7. (a) Magnetospheric field lines in a mixed dipole-quadrupole
configuration, (b) particle impact regions (proton energy 4 GeV, high
magnetic field) and (c) impact area.
cle is smaller than in the corresponding zonal dipole case
(g01 = 30000 nT), but the size of the impact area (Fig. 6(d))
is similar.
Of course, several combinations of dipoles and quadru-
poles are possible. In some dipole-quadrupole configura-
tions the situation appears that field lines of the dipole and
the quadrupole are antiparallel, so that the resulting field
vanishes, as seen in Fig. 7(a) in the north pole region. These
locations are called neutral points. In the far-Earth mag-
netospheric tail the dipolar magnetic field dominates, so
tail lobes and current systems similar to the ones in the
present day terrestrial magnetosphere are expected. In the
near-Earth magnetosphere there is a complex magnetic field
structure due to the superposition of dipole and quadrupole
field. Even the number and locations of magnetic poles can
not be determined in general. In Fig. 7(a), for instance,
there is one pole at the south- and north-pole each with the
same polarity and a polar-ring near the equator with the op-
posite polarity. the configuration is chosen such that the
magnetic energy is the same order of magnitude than in
the present configuration. Figure 7(b) displays the regions,
where protons with an energy of 1 GeV penetrates down to
the atmosphere in a high magnetic field. Due to the strong
quadrupole part the impact regions are similar to the pure
quadrupole case, but the equatorial region is not symmetric
to the equator now because of the dipole part.
For the high magnetic field (g01 = 5000 nT and g02 =
23000 nT) the impact area is quite similar to the quadrupole
case (Fig. 7(c)). In a low magnetic field configuration
(g01 = 2000 nT and g02 = 4000 nT) already particles with
an energy of 1 GeV impact everywhere on the Earth’s atmo-
sphere, whereas they cover only about 25% of the surface
in case of the high magnetic field.
5. Discussion and Summary
This work represents a study of different possible con-
figurations of paleomagnetospheres and the resulting impli-
cations for the impact of energetic particles on the Earth.
As a suitable tool we use the magnetospheric model devel-
oped by Voigt (1981), which we generalized by taking into
account also the quadrupole moment. For a given internal
magnetic field of the Earth and a fixed shape of the magne-
tosphere the magnetic field is calculated. The model geom-
etry and a detailed mathematical deduction of the magne-
tospheric magnetic field model was given in Section 2. All
parameters, like dipole and quadrupole moment m and Q,
the size of the magnetosphere Rm and the standoff distance
rs can in principle be varied independently.
The magnetosphere is represented by a cylinder on the
nightside, which is topped by a half-sphere on the dayside.
The Earth is centered within the half-sphere. The internal
magnetic field is represented by a multipole field. Only
dipole and quadrupole moments were considered, but an
ansatz for generalization to higher multipoles is given.
The external magnetic field is generated by the mag-
netopause currents, i.e. the Chapman-Ferraro currents. It
shields the Earth’s magnetic field against the interplanetary
magnetic field. In this magnetospheric model the effect of
the Chapman-Ferraro currents is considered by using a po-
tential field ansatz.
The magnetospheric model offers the possibility of scal-
ing the size of the magnetosphere with the strength of the
multipole moment, as shown in Section 3.2. In a first ap-
proach we assume the solar wind condition to be constant
over the time, so that the scaling relation becomes a simple
expression. In a more realistic calculation one should con-
sider that the solar wind density and velocity has changed
over time (Grießmeier et al., 2005).
Like most magnetospheric models, the model developed
above is a static one. Therefore no variation on short time-
scales, like magnetic storms, can be treated. However, the
quasi-static evolution, like secular variation with long time-
scales can be represented by a series of static fields. Re-
alistic time developments of the variations of the magnetic
field can not be demonstrated, but single possible states can
be examined.
This model and its generalization offers a simple and
easy possibility to investigate multipole fields in a cylindri-
cal magnetosphere. Since the model allows the determina-
tion of the magnetic field at any arbitrary location inside the
magnetosphere, it can be used as an input for other physi-
cal problems, i.e. the calculation of trajectories of solar or
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Fig. 8. Comparison of the cutoff latitudes for different magnetospheric
geometries.
cosmic particles, within the magnetosphere.
The magnetic field model described in this paper is a con-
venient means to get a basic idea of the field line topology,
but it can not give any details. For this kind of question
MHD simulation is required. But the model presented here
is quite suitable for modeling particle trajectories and espe-
cially to determine cutoff latitudes. Comparison with the
spherical model of Willis et al. (2000) and the cylindrical
model of Voigt (1981) including the feature of stretching the
field lines into the deep tail yields to the following results
(Fig. 8): Within the range we examined (particle energies of
64–8192 MeV in magnetic field of gmn = 5000...30000 nT),
there are no significant differences concerning the cutoff
latitudes between the cylindrical model with and without
stretching of the field lines into the tail. This may be ex-
plained by the fact that the magnetic field strength in the tail
is so small, that the particles are not deflected but move on
straight lines. The cutoff latitudes are smaller in the spheri-
cal magnetosphere. From these results one can see that the
geometry of the magnetosphere plays an important role, but
it is not necessary to include the tail currents, if particle tra-
jectories in the given range are calculated.
In Section 4 we discussed the magnetic field line topol-
ogy and cutoff latitudes of particle impacting on the Earth
for different kind of multipole configuration, which can oc-
cur during reversals, turned dipoles as well as quadrupoles.
Another interesting case is the quadrupole moment with
neutral lines (Vogt et al., 2004). This configuration posses
several poles, but the most interesting behavior is the exis-
tence of low field regimes in the polar regions and of neu-
tral lines where the magnetic field is zero. Of course, sev-
eral combinations of dipoles and quadrupoles are possible.
In some dipole-quadrupole configurations the situation ap-
pears that field lines of the dipole and the quadrupole are
antiparallel, so that the resulting field vanishes. These loca-
tions are called neutral points.
As a characterization for particles impacts on the Earth
we defined the impact area. Especially for non-symmetric
configurations this quantity is much more convenient than
cutoff latitudes. With increasing particle energy or decreas-
ing magnetic field the impact area increases as demon-
strated in the Figs. 4–7. The regions where particle pene-
trate to Earth differs depending of the magnetic field con-
figuration, but not so the impact area. For configurations
with corresponding magnetic field strength or magnetic en-
ergy the impact area is very similar.
The particle impact and flux on the Earth’s atmosphere is
interesting especially for nuclide production building in the
upper atmosphere and for ozone production in the strato-
sphere and mesosphere as done by Sinnhuber et al. (2003)
and Winkler et al. (2008).
The study of particle impact is interesting not only for
paleomagnetospheric configurations of the Earth’s mag-
netic field, but also for extra-solar planets which are
tidally locked and therefore have a small magnetic moment
(Grießmeier et al., 2005, 2009).
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